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ESTIMATES FOR OPERATORS
IN MIXED WEIGHTED L?-SPACES
BY
HANS P. HEINIG'

ABSTRACT. A weighted Marcinkiewicz interpolation theorem is proved. If T is
simultaneously of weak type (p;, ¢;), i =0,1; 1 < py < p; < o0 and u, v certain
weight functions, then T is bounded from LY to L for 0 < g < p, p > 1. The result
is applied to obtain weighted estimates for the Laplace and Fourier transform, as
well as the Riesz potential.

1. In [8] we proved that if T is simultaneously of weak type (p;, ¢;), i = 0,1;
1 <py<p; <o0,1<gy ¢ < oo, then under certain conditions on weight func-
tions # and v, T is bounded from L} to LI, where 1 < p < g < oo. This is of course
a weighted extension of the Marcinkiewicz interpolation theorem. The question
remained open if this result also extends to the case ¢ < p. It is the purpose of this
paper to show that there are conditions on # and v for which this result extends to
0 <g<p, p>=1. As always, new interpolation results imply new results for a
number of classical operators. Here we apply the results to the Laplace transform,
complementing those obtained in [1, Theorem 2.4], the Fourier transform, extending
results in [8, 10-12] and apply it to obtain a new inequality with applications in
signal analysis [6]. Further we obtain a weighted extension of Sobolev’s theorem.

In [9, Theorem 1.1] it was shown that the only bounded translation invariant
operators from L? to L9, q < p, are the zero operators. Our result (Theorem 3.3)
shows that there are weights u and v for which there are such (nonzero) operators
whichmap L’ to LI, 0 <g<p,p > 1.

In the next section we introduce notation, give a preliminary result and prove the
main result (Theorem 2.2). §3 contains applications.

Throughout, p’ denotes the conjugate index of p and is related to p by p + p’ = pp’
with p” = + oo if p = 1, similarly for other letters. Further, constants are denoted by
C and may be different at different appearances, but are always independent of the
function in question. Z denotes the set of integers.

2. Let u and v be nonnegative weight functions defined on  C R*, and T a
sublinear operator defined on Lebesgue measurable functions on €. We denote by
L= LP(R2), 0 < p < oo, the space of weighted measurable functions f for which
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1/, = llvfll, is finite, where || - ||, denotes the usual Lebesgue norm or metric
depending on whether p > 1 or 0 <p < 1. We also write T € [L}, LI], 0 < p,

q < o0, if |Tfll, o < ClIfll,.p- _
Let f be defined on (0, o0), then the Hardy operator P and its dual P are defined

by
(Pf)(x) =/O"f(t>dz, (Pf)(x) =f:of(t)dt, x> 0.

It is well known [2,4] that P € [L?, LI],1 < p < g < o, if and only if

o0 /a/ o0 A\ L/P
50 ( [ X (2)u(x) ) [ [T (10 ()7 < a0,

where here and in the sequel
_ /1 ifxe€E,
xe(x) {0 ifx¢E

is the characteristic function. The corresponding result for the dual operator also
holds, only now the characteristic functions in the above integrals are interchanged.

In case 0 < ¢ < p, 1 < p < oo the following result for the Hardy operator was
proved by E. Sawyer [14, Theorem 3]:

PROPOSITION 2.1. (a) Let 0 <g<p, 1<p< oo, and 1/r=1/q—1/p, then
P e [L}, L]], if and only if

w5t )

CSX S Xpp < k

(21) o
><(j(;ooxk_l(x)v(x)'l"dx)l/p] } ' < o0,

where X ;(X) = X (x,.x,.,)(X) and the supremum is taken over all positive increasing
sequences and k € L.
(b) Under the same conditions on p and q, P € [L?, L1] if and only if

w5t a)

<X <Xppp <

(2.2) Y
x(foooxk(x)v(x)‘”’dx)l/p] } ' < oo.

If p = 1 the second integral is interpreted as usual to be the supremem of 1/v over
the appropriate range.

ProOF. The proof of (a) is given in [14]. The proof for the dual operator is quite
similar and is given here only for completeness.

It clearly suffices to prove the result for f> 0. If P €[LP, LY, fix a positive
increasing sequence {x, },cz and a given sequence of nonnegative numbers {a, }
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and define
f(x) = Xayx(x)v(x)7;
k

then

(Zet oot an] ™ =  [(lotosconras)”
> " [u(x)(Bf)(x)] v
= CZka u(x)q(j:of(t) dt)qu

k " Xk-1

> c;(/xk u(x)"dx)(]x:*“f(z) dt)q

Xk-1

= CZ a0 a0y ar| ([ se) )" )
/P’

= CZ (ot ["xu 07 ) [“xu00()” )
X[ [Mxi(x)u(x)?ax)

all sequences {a,} of nonnegative numbers. But the dual of /779, p >'1 is [(P/9;
hence,

b= [(j(;ka—l(x)“(")qdx)l/q(Lka(t)v(t)-p'dt)l/p/]q
isin /779" But (p/q) = p/(p — q), so that
%[(joka—l(x)u(x)“dx)l/q(wak(x)v(x)‘p'dx)l/p'], .

which proves that (2.2) is necessary.
Conversely, fix f > 0 in L? and choose { x, } such that

foof(t) dt=27*%

for all k € Z for which

27k <f°°f(t)dt.
0
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Then Holder’s inequality applied to the integral and the sum shows that

[Lw[u(x)(ff)(ﬂ]"dx]!’/"< [§ [ u(x)qu(fw f(t)dt)q]p/q

Xk-1 Xk—1

© p/q
. [§z<- [ “Xumr(x)ul) dx]

- 22;»[%(]):“',’0) dt)q[)ka_l(x)u(x)qu]p/q

/p’

N

k Xk

22"[2( [ s a) ([ o a)’
x/()”xk_l(x)u(x)qu]p/q

<% ijk“[v(t)f(t)]”dt[ﬁki[( [ xRt 7ax)

<[t a)” ||

< 22"||f”5,p[§ [('/:oxk_l(x)u(x)qdx)l/q(j(;oox,((t)v(t)_p,dt)l/p'] r}p/r,

which proves the result for p < co. If p = co the argument is similar and hence
omitted, while in the case p = 1 one modifies the argument as in [14].

Note that if C denotes the supremum of (2.2), then this shows that ||Pf lug <
4C|| f1l,,, and similarly for P. We shall make use of this observation in §3.

Before proving the main results, we recall the concept of rearrangement and radial
rearrangement of a function.

Let f be Lebesgue measurable on & C R” and let m denote Lebesgue measure. The
equimeasurable decreasing rearrangement of f is defined by

(1) =inf{y > 0:m({x € Q: |[f(x)|> y}) < t}.

If x € R”, let ¢ = |x| and 6, the volume of the unit sphere in R”, then the radial
rearrangement of f is defined by f°(¢) = f*(8,t"). Since nd, is the surface area of the
unit n-sphere, it follows that

J (ol = nd, [“ro()en e = [ fo(1x]) a.

We recall further that a sublinear operator T defined on simple functions is of weak
type (p, q), 1 < p, g < oo, if and only if sup,. o '/9(Tf )*(¢) < Clifll ,- Strong type
(P, q) means of course that T € [L?, L9]. We now prove a result corresponding to
[8, Theorem 2.4] but with0 < g <p, p > 1.

THEOREM 2.2. Suppose T is sublinear of weak type (p;, q;),i = 0,1;1 < p, < P <
0,1<¢qy g <o LetA=1/q9,—1/9, # 0, X\ = 1/p, — 1/p, and for given real
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increasing sequence { X, } ; < 7 define

Ay(s) = { 1 (6m)" < (617)" < (8/x0)
0 otherwise.
If0<qg<p,1<p<o0,1/r=1/q—1/pand U,V radial on R" satisfying

swp( Z|( [ Ao w5 o] et as)
(2.3) * L V7
x( jo°°xk_l(s)[V(s)sWP-l/po)]‘P’s-lds) ] } < w,

(24)

sup{ L [( [ Aecr@)luts)s ] smras)

, 1N\ V"
><(fka(s)[V(s)s"(l/’_l/”l)]_ps'lds) } } < oo,
0

where the supremum is taken over all positive increasing sequences { x, }, then

(LIoGeeal'as) < c{ [ 1msp o0 o)

PRrROOF. The hypotheses on the operator are satisfied [S, Theorems 8, 9] if and only

if
(TF)*(1) < C[,—1/qof0'msl/po—1f*(s) ds + ,—l/qlft:;sl/pl—lf*(s) ds]
On replacing ¢ by ,¢" and s by ,s" in this estimate one obtains
X
(1)2(e) < C|e7/a [ sr/romlye() ds + a70/m [ sn/moipeg(s) ),
where k = 6*~%/)_ Now multiply the inequality by U(z):*~1/4 and integrate,
then by Minkowski’s inequality if g > 1 and directlyif 0 < ¢ < 1
00 1/q
{[[w)an @l a)
0
o dun—1— SRV _ q /4
< c{[ U(e)“t ""/qo(/ s"/Po=1f0(5) ds) dt}
() 0
q 1/q
+C{fowU(t)qt”‘l'”"/‘“(f:/xs”/”“lf(s) as) dt}
K
=C[J + 4],
respectively. To estimate J, let x = kz*/?, then ¢ = (x/x)*/* and hence by Proposi-
0

tion 2.1(a)

Jo= C{LwU((x/x)x/x)qxx"““’/"o’/"‘1('/:s”/”°’lf°(s) ds)qu}l/q

< C{/;w[V(t)f°(t)]”t"‘ldt}l/p
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if and only if

sup{Z[(/Xk“[U((x/K)X/A)]qXX"(l_q/qO)A_ldx)l/q

k Xk

(2.5) L
Xi . /p|r
X(/ [x-n/Potly(x)x(n=D/P] 7P dx) } < o0.

Xk-1

Lets = (x /:c)j‘/ A then apart from a constant, the first integral in (2.5) becomes
fU(s)qs-nq/q0+n—1 dS

with upper limit of integration (x,,,/x)*/* and lower limit (x,/x)*/* provided
A > 0. The limits are reversed if A < 0. Since the second integral of (2.5) is equal to

f"* [V (x)xn/2=1/20] 7 x-1 g,

Xk -1

it follows that (2.5) is equivalent to (2.3). )
The estimate for J, is similar. Again let x = x¢*/*; then by Proposition 2.1(b)

J, = C{fow[u((x/x)"/")]"x'*"“—q/%)/*‘l(/ws"/l’l‘lf°(s) ds)qu}l/q

X

< C{j(;w[V(t)f°(t)] "t"‘ldt}l/p

if and only if
Xk A9 Xn(—q/q)/A—1 Ve
sup{ Y. / [U((x/x) )] x ' dx
k Xk-1
(2‘6) val 1/r
X(f Hl[x'"/"'”V(x)x("_”/"]_p’dx) } } < c0.
Xk

Again if s = (x/x)x/ A, then a routine calculation shows that (2.6) is equivalent to
2.4).
From these two estimates we obtain

1/q

(fm[U("")(Tf)o('x')]qd")w = (n8, [ (W) Ty ()] 07

1/p

<[ mwranra)” = o [ Vi) a)

and hence the result.
Note that the proof shows that the constant C is a multiple of the sum of the
suprema (2.3) and (2.4).
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COROLLARY 2.3. Let T,U and V satisfy the conditions of Theorem 2.2, then for
0<g<p,1<p<0,Tf)ly,y< Clfly,p

Furthermore, if u and v are such that u® = Uand (1/v)° = 1/V,thenT € [L}, L],
0<qg<p,1<p< 0. Ifp < oo the operator T extends uniquely to all of L} with the
same bound.

PrOOF. Clearly we only need to prove the second statement of the corollary. By
Theorem 2.2

1/q

7l < < [T @) ar) " < fR"[U(IxI)(Tf)°(IxI)]"dx)l/q

1/p

< e LI rn)as) = o[ [ (10000 sG]

<c([peosar a)”,

where the first inequality follows from the properties of rearrangments. The last
inequality follows from the integral analogue of [7, Theorem 368] by approximating f
and v by appropriate simple functions and then use Lebesgue’s theorem of mono-
tone convergence.

If p < oo, simple functions are dense in the Banach space L?. Since f — Tf is
continuous from a dense subspace of L? to L, T has a unique extension to all of L?
with the same operator bound.

3. In our first application we consider a special class of operators of which the
Fourier transform and the Laplace transform are special cases. For simplicity we
consider the one-dimensional case.

THEOREM 3.1. Let T be an operator of weak type (1, 00) and (2.2) defined on L?(R),
1<p<ow.If0<qg<p,1/r=1/9—1/pand

o0 sz furora)(f °°xk_1(s)(1/u)°<s>”'ds)W]r}M,

k
(3.2)

w{z[()

k

/9

Lyl V7
woeea) (Frolamrosaa) )

are finite, where E, = (1/(4x,,,),1/(4x,)) and the supremum are taken over all
increasing sequences {x, } <z, then T € [L?, L1].

If p = oo the result still holds; however, now T is assumed to be defined on simple
functions only.

PROOF. If n=1,6,=2,also, A =-1/2,A=1/2 and A (s)=1if s € E, and
zero otherwise, in Theorem 2.2, then the result now follows from Theorem 2.2 and
Corollary 2.3.
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As implied above, Theorem 3.1 applies specifically to the Fourier transform and
Laplace transform

(Ff)(x) =f_ze"‘yf(y)dy, xe€R;  (Zf)(x) =f0°°e‘”f(y)dy, x>0,

respectively. For the Laplace transform the radial rearrangements in (3.2) are to be
interpreted as the increasing rearrangements.
Note that (3.2) is dominated by
1/r

e sz [ teonra) " ([aoramrers)”])

k

however, (3.1) does in general not imply (3.3).
Now we show that with T = .# a partial converse of Theorem 3.1 can be obtained.

PROPOSITION 3.2. Let 0 < g <p, 1 <p < o0, u decreasing and v increasing on
(0, ), then <€ [LF, LI] implies (3.1).

PROOF. If u is decreasing and v increasing, then u = 4° and 1/v = (1/v)°.
Fix a positive increasing sequence --- < x, < Xx,,; < --- and let {a,} be a
positive sequence. Define f by

f(x) = )k:akxk_l(X)v(X)_", Xk-1(%) = X ey (%)

then

(zk:a,fka v(x)_p'dx)l/p = (Z IXklv(x)p

Xk-1 kU Xk-

WP 1/p
Eait 1(2)o(x)” dx)

1/q

~ ([T Weoref ax) " > e [Tl ax)
=C j(;wu(x)q[z;aj/)‘(j

Xy

, q 1/q
e *v(y)”? dy] dx)

. ) q 1/q
=C|Y [ u(x)!|Xa, | e v(y)T dy dx)
k Lk J jL_/—l

x , q 1/q
>C qu(x)qa,‘(’[f “eu(y)” dy] dx)
k “Eg Xg-1

s c. /()k:[( fuoras) ([ ka_l(y)v(yw’dy)]q)

Let A, = af( /& Xx—1(»)v(y)~? dy)?/?; then this shows that

1/q

q/p
(ZA,f/") > CY)_ A.B,,
k

k
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where

B, - [( fueoa) () ka_l(y)v(y)""dy)”"']q._

Since {4,} € I?/9 it follows that { B, } € I?/9" . But (p/q) =p/(p —q) =r/q
so that

£ fura) ([ xamwn )| <

and this implies the result.

The next result has applications in the theory of signal analysis and may be
compared to [6, Theorem 3]. (I am grateful to J. J. Benedetto for providing that
preprint.)

THEOREM 3.3. Let 1 < p, ¢ < oo and a, B real numbers. If

WD1<p<qg<owoanddgl/p’—1/qg<60<1/p,0r

i)l<g<p<owandl/p’ <8 < oo,
then

6o ([UENOI D) < cla+ B 1],

PrOOF. (i) If 1 < p < ¢ < o0, then by [8, Theorem 3.1] (see also [3, 10-12)),
Fe [Lp, L] provided

(3.5) sup [ ‘2”u°(x)qu)1/"( [ 2(1/v)°(x)p’dx)1/p, <o

s>0
with the usual modificationif p = 1 and /or ¢ = co. Specifically, if u(x) = X(-ap)(X)
and v(x) = |x|%, 6 > 0, u°(x) = X(—(a+B)/2,(a+By \(x), (1/0)°(2) = |t|~°. Therefore
(3.4) holds if (3.5) is dominated by (a + B)/9*-1/7 Let1/p" - 1/q< 0 <1/p’,
if 1/(2s) < (a + B)/2, then (3.5) is dominated by
1/(25)(s/2)" 7 < C(a+ )TV
If « + B < 1/s, then (3.5) is dominated by
(a + B)l/qs-0+l/p' < (a + B)l/q+0—1/p'

which proves this case.
(i) If 1 < g <p < oo and 1/p’ < 6 we apply Theorem 3.1. For fixed positive
increasing sequence { x, }, it suffices to show that

(3.6) {)k: l(f;kX(oxaw)/z)(x) dx)l/q(_/(;kaq(x)x_o"'dx)l/p’l’}l/r,

and by (3.3) the same sum with x,_, replaced by x,,, are both bounded by
C - (a + B)V/9+6-1/F (cf. the remark following the proof of Theorem 2.2). Here

againl/r=1/q-1/p.
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Ifa + B <1/(2x,,,) the first integral in (3.6) is zero and hence so are all terms
of the sums for which x, ,; < 1/(2(a + B)). We consider therefore only those k for
which x, ., > 1/(2(a + B)). The first integral is clearly dominated by (a + 8)/2
and since r/p’ > 1, (3.6) is dominated by

1/p
X ’
clat )l L [Txa
k Xk -1
X1 > [2a+B))7!
0 , 1/p’
SC(a+B)l/q(f x~or dx)
[2(a+B)]™!

=C(a+ ,3)1/‘”0_1/”'.
If x,_, in (3.6) is replaced by X, then the same argument shows that this sum is
dominated by

1/p’
Cla+ )" Y [k ax| = Clas B

k Xk+1
Xee1> [2(a+ )]

This proves the result.
In this last example, we consider the Riesz potential 7, defined by

) =G f fe=o" () dr,  O<a<n.

If1 <p<q< o0,p < o, then [4, Theorem 3.4] shows that I, € [LP(R"), LI(R")].
On the other hand if ¢ < p [9, Theorem 1.1] shows that there is no nonzero
translation invariant operator in [L”, L7]. In the result below we prove that for
0 < g < p, p = 1, there are weights u, v for which such operators are in [L?, L7].

THEOREM 3.4. Suppose u and v are nonnegative functions on R", U = u°, 1/V =
Q/v)°,0<g<p,1<sp<owandl/r=1/q — 1/p.If for somes,1 <s < n/a,

sup{ % [(/(;ka(x)[U(x)x“_"] Ixn1 dx)l/q
1/r

(el

and

son| Z | [Txu vtz

X (_/(;ooXk(x)[V(x)xn/:/]_p,xn_ldx)l/p,] ,}1/,
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are finite, where the supremum is taken over all positive increasing sequences { X, } ez,
then I, € [LF(R"), L{(R")].

PROOF. It is well known [15, V, §1.2] that ] is of weak type (1,1/(1 — a/n)), and
(s,1/(1/s — a/n)), 1 < s < n/a, so that, in the notation of Theorem 2.2, p, = 1,
p1=5qo=1/(1 —a/n),A =X =1/s"and A,(x) = X,(x). Therefore the condi-
tions (2.3) and (2.4) are satisfied by the assumption of the theorem and hence the
result follows from Theorem 2.2 and Corollary 2.3.

REFERENCES

1. K. F. Andersen and H. P. Heinig, Weighted norm inequalities for certain integral operators, SIAM J.
Math. Anal. 14(4) (1983), 834-844.

2. K. F. Andersen and B. Muckenhoupt, Weighted weak type Hardy inequalities with applications to
Hilbert transforms and maximal functions, Studia Math. 72 (1981), 9-26.

3. John J. Benedetto and Hans P. Heinig, Weighted Hardy spaces and the Laplace transform; Proc.
Harmonic Anal. Conf. (Cortona, Italy, 1982), Lecture Notes in Math., vol. 992, Springer-Verlag, pp.
240-271.

4.J. S. Bradley, Hardy inequality with mixed norms, Canad. Math. Bull. 21 (1978), 405-408.

5. A. P. Calderon, Spaces between L' and L™ and the Theorem of Marcinkiewicz, Studia Math. 26
(1966), 273-299.

6. Michael G. Cowling and John F. Price, Time concentration versus bandwidth, preprint.

7. G. H. Hardy, J. E. Littlewood and G. Polya, Inequalities, Cambridge Univ. Press, London and New
York, 1952.

8. Hans P. Heinig, Weighted norm inequalities for classes of operators, Indiana Univ. Math. J. 33 (1984),
573-582.

9. Lars Hormander, Estimates of translation invariant operators in LP-spaces, Acta Math. 104 (1960),
93-140.

10. W. B. Jurkat and G. Sampson, On rearrangement and weight inequalities for the Fourier transform,
Indiana Univ. Math. J. 33 (1984), 257-270.

11. B. Muckenhoupt, Weighted norm inequalities for the Fourier transform, Trans. Amer. Math. Soc. 276
(1983), 729-742.

12. , A note on two weight function conditions for a Fourier transform inequality, Proc. Amer.
Math. Soc. 88 (1983), 97-100.

13. Y. Sagher, Real interpolation with weights, Indiana Univ. Math. J. 30 (1981), 113-121.

14. Eric Sawyer, Weighted Lebesgue and Lorentz norm inequalities for the Hardy operator, Trans. Amer.
Math. Soc. 281 (1984), 329-337.

15. E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Univ. Press,
Princeton, N.J., 1970.

DEPARTMENT OF MATHEMATICAL SCIENCES, MCMASTER UNIVERSITY, HAMILTON, ONTARIO, CANADA
L8S 4K1




